Schwinger's variational theory of scattering is adapted to the calculation of reflection amplitudes. For an arbitrary transition between two media at a planar interface, we derive variational expressions for the s and p reflection amplitudes that are correct at grazing incidence and correct to second order in the ratio of interface thickness to wavelength. The interface or the substrate (or both) may be absorbing. The Hulthen-Kohn variational theory of scattering is also adapted to reflection. The results are simpler (for the same trial wave function) but not so good as those obtained from the Schwinger method.
INTRODUCTION
In a previous paper (Ref. 1, referred to here as I) we have derived variational expressions for the reflection amplitudes for a nonuniform film between like media, for example, a soap film in air. Here we shall extend these results to reflection of electromagnetic waves at an interface between any two media of dielectric constants el and E2. Many of the results of paper I can be carried over to the present work, and in such cases the results will be quoted as [I (equation number)]. In other cases the El 0 e2 problem requires special techniques (for example, the Green functions have six analytic parts, instead of just two); then the techniques will be developed in more detail. Where possible the notation used here will be that of I.
are defined in terms of the asymptotic forms of the solution of Eq. (2):
exp(iqz) + rs exp(-iqz) -E(z) -t, exp(iqz). (5)
It is possible to construct a perturbation theory 2 for rs in terms of exp(iqlz) + rs 0 exp(-iqlz) (Z <0) (6) to exp(iq 2 Z) (Z > 0)
Here ro and to are the Fresnel reflection amplitudes 
We consider the problem of plane electromagnetic waves incident from a medium of dielectric constant el onto an interface lying in the xy plane and characterized by a dielectric function E(z). The medium beyond the interface (the substrate) has dielectric constant e2. When the propagation is in the zx plane, the s wave has electric field E = (0, Ey, 0),
and E(z) satisfies the ordinary differential equation
Eo(z) is the solution of
with the correct asymptotic forms for a wave incident from medium one. One constructs a Green function satisfying
This is given by
The component of the wave number perpendicular to the interface is q(z), and it takes the limiting values
The reflection amplitude r, and transmission amplitude t 3
E+(+)E_(z)
i(q, + q2)
where E±(z) = exp(±iq0z).
E+(z)E_(i)
The equation for E can be written as
where Aq
2 (e -eO). From Eqs. (9), (10) , and (12) we see that E satisfies the integral equation
The asymptotic form of E as z -a is found from Eqs. (11) and (13) to be exp(iq 1 z) + exp(-iq 1 z)
Comparison with Eq. (5) shows that the expression inside the square brackets is the exact value of r, (this exact result can also be obtained from a comparison identity 4 ). The first-order perturbation result is obtained from the exact result on replacing E by E 0 [given by Eq. (6)]:
The adaptation of Schwinger's variational method for the scattering problem 5 
'
6 to the reflection problem runs as follows. We multiply the integral Eq. (13) (2) At grazing incidence, when q 1 -0, Ar~var -0 when El is E2, and Ar 5 var --1 when El = e 2 . Thus r 5 var correctly tends to -1 at grazing incidence, as it must for all interfacial profiles. 8 In contrast, the perturbation expression is in general correct only to first order in the interface thickness and diverges at grazing incidence when el = E2-
p-WAVE REFLECTION AMPLITUDE
For propagation in the zx plane and the interface lying in the xy plane, the p wave has B = (0, By, 0), with (25) where K has the same meaning as for the s wave. B satisfies with asymptotic forms
The required Green function satisfies
and is given by 9 [with B±(z) = exp(+iqoz)]
The
simplest variational trial function for E(z) is Eo(z).
This gives the values F 0 and So for F and S, where
and
The corresponding variational estimate for r, is [using Eq. 
B_(z)[B,(v) -rOB_(D)]
: i' 2~~~~~4 
where Av = 1/e -1/Eo and exp(iqlz) -rpo exp(-iqlz)
Here 9 Ql -Q 2
An exact expression for rp is obtained from Eq. (30) by extracting the coefficient of exp(-iqlz) as z --a-. This is
and may be rewritten as
where Ae = e -eO, C = dB/edz, Co = dBo/eodz. 
is of first degree in the unknown B and
is of second degree in B. We again find that 6S = 26F, so b(1P/S) = 0 and
In the evaluation of S we must take care to include the -Eo(z)b(z -t) singularity in a 2 G/Ozda. We find that 43), is correct to second order in the interface thickness.
At grazing incidence, Arpvar tends to zero when e l rz E2, thus giving the correct rp value. 8 
ADAPTATION OF THE HULTHEN-KOHN VARIATIONAL METHOD TO REFLECTION PROBLEMS
We have seen that the adaptation of Schwinger's variational technique in scattering theory to reflection has led to s and p reflection amplitudes that are correct to second order in the interface thickness and are correct at grazing incidence. These desirable features have been obtained at the cost of some complexity, and we shall now show how the simpler Hulth6n-Kohn variational method' 0 "'1 of scattering theory may be adapted to reflection problems.
We begin with the s wave, for which the exact amplitude E satisfies Eq. (2) 
This gives
where 6r = rt -r and bt = tt -t (we drop the subscript s for the moment). We find that 
The variational estimate for the reflection amplitude is thus
As an example, consider the simplest trial function Et = Eo, (5)] and does not agree with rsvar at normal incidence. The adaptation of the Hulthen-Kohn variational method to reflection problems is thus seen to give results that are inferior, for the simplest trial functions, to those obtained from adapting the Schwinger method. This is compensated for by the greater simplicity of the Hulth6n-Kohn method, which makes possible the use of more-sophisticated trial functions.
COMPARISON OF THE PERTURBATION AND VARIATIONAL RESULTS
We begin with a comparison according to general criteria (for arbitrary interfacial profiles) and then look at the results for a particular model profile. The general criteria are that r, and r, should be equal at normal incidence (the s and p waves are then physically indistinguishable); that r, -1 -and rp -1 at grazing incidence z 1 and . 2 . For this configuration we find the s-wave results The symbol (u) denotes a property valid only for unlike media (el •d (2) ; the symbol (c) denotes the property being conditional on the positioning of the step profile so as to make XA = 0. 
which can always be satisfied if E is real and El 5) E2. For the profile under consideration, this condition implies that Z,= -E2 -e z E2 -El
The question of optimum positioning of the reference profile is discussed further in the next section. Here we simply compare the results obtained using the condition 
When El = E2, these results reduce to those obtained in We now specify the positioning of the step profile: the
DISCUSSION
We see from Table 1 that the adaptation of Schwinger's variational theory to reflection problems has provided estimates for the s and p reflection amplitudes that satisfy all the currently known and verifiable general criteria. From the figures we see that the variational result is a considerable improvement on the perturbation result for the same input wave function.
We mentioned above the problem of the optimum positioning of the reference profile. For the variational methods, this positioning is an implicit variational parameter. We have not yet succeeded in solving the optimization problem in a general way, except in the long-wave limit, where the equal area rule gives the optimum positioning for the perturbation theory, whereas the adaptation of Schwinger's method is correct to second order in the interface thickness for all positionings. Our numerical experiences is that the perturbation results are sensitive to the positioning of EO (and can be much worse than displayed in Figs. 1 and 2 ), whereas the variational results are insensitive to this positioning.
The theory given here clearly works best for interfaces that are thinner than a wavelength. Work is in progress on a perturbation-variation theory that can cope with thick interfaces as well.
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